Optical anisotropy of a worm-like chain
and its application to the determination of
the persistence length in an aromatic
polyamide

M. Arpin, C. Strazielle, G. Weill and H. Benoit
Centre de Recherches sur les Macromolécules, CNRS, and Université L. Pasteur, Strasbourg, France
(Received 2 July 1976, revised 4 October 1976)

The optical anisotropy, as obtained from the depolarization of light scattering, has been evaluated
for a worm-like chain as a function of the segment anisotropy 6 and of the ratio of the contour
length L to the persistence length g. The comparison between the theoretical curves and the experi-
mental data obtained for an aromatic polyamide [poly{para-phenylene terephthalamide)] in a range
of DP from 7 to 30 leads to a value of g in good agreement with that calculated from other methods

requiring a wider range of molecular weights.

The possibility of obtaining nematic phases from concen-
trated solutions of semi-flexible polymers and their use in
the spinning of high modulus fibres has made the charac-
terization of the flexibility of these molecules more inter-
esting. Because of limitations in their molecular weight
range and solubility, direct measurements from diffraction
methods is often difficult and one is restricted to hydro-
dynamic measurements where the interpretation-raises
some theoretical problems!. We show here that the optical
anisotropy as measured from the depolarization of light
scattering offers a new alternative, requiring only a limited
range of degree of polymerization in the low molecular
weight range.

THEORY

The experimental quantity directly available from the de-
polarization ratio of the excess intensity scattered by a
solution, eventually extrapolated at zero angle, is the ‘opti-
cal anisotropy’ A2 of the solute particle, a dimensionless
quantity defined as:
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where « and § are the principal polarizabilities of the par-
ticle and Aq its mean excess polarizability which can be
calculated from the solvent index of refraction, the solute
index of refraction increment dn/dc and molecular weight,
using the Gladstone—Dale relation:
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For a chain molecule made of V segments, the optical
properties which are represented by a Langevin polarizability
ellipsoid, with principal values ag and g one has:

262 POLYMER, 1977, Vol 18, March

2 g
2SS ®
N2 &L & 2
! ]
or
3coslay; — 1
A2 =(n — A2 i i 3
(== (00 —B0 > > = (32)
i ]

where a;; is the angle between the axes of the optical ellip-
soids associated with segments i and /, the average being
taken over the chain conformation, and & is defined, as
above, as a dimensionless quantity Aag = Aa/N.

For the extreme cases of a chain with no correlation in
orientation A2 = 6%/N or (& — ) =N12(ay — Bg), and of a
ri%id rod with polarizability ellipsoids aligned along the axis
A% =8F or (a — ) =N(ag — Bo)-

For a free rotating chain with a valency angle 7 — 9,
Benoit has calculated?:
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where p = (3 cos20 — 1)/2, and ¢ and ' specify the orien-
tation of the ellipsoid axis of segment / with the direction
of bondsiandi +1.

Semi-flexible chains can be described using the worm-like
chain mode! or chain with persistence length introduced by
Porod and Kratky®. The properties of such a chain can be
derived from those of the free rotating chain with a valency
angle, by making 6 and the bond length tend to zero while
increasing V to maintain the contour length L = NVa con-
stant. One obtains then a limiting value cosf = exp(—a/g) =
exp(—2Aa), where q is the persistence length and A~! the



length of the statistical element.

The application of this procedure to relation (4) requires
a separate calculation of the limiting value of p, which due
to the statistical nature of the process, cannot be found by
replacing cosZ0 by (cos8)2. One can then use the theory of
the worm-like chain initiated by Saito® in which the chain
is considered as the trajectory of a quantum particle. The
solution of a propagation equation leads to a Green’s func-
tion giving the probability that the angle between the tan-
gents at two points of curvilinear abcissae S and S’ is §:
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Taking in account the orthogonality of the Legendre poly-
nomials [P1(cos8) = cos@; Py(cos8) = (3 cos29 — 1)/2] one
obtains for the average of interest in the calculation of rela-
tions (3) and (4):
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For the case where the optical ellipsoids are oriented
along the segment direction (e;; = 8;;) one can directly re-
place the summation over the segments in relation (3) by
an integration over the contour length:
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which gives, introducing the quantity x' = 6AL = 3L/q
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For the case where the ellipsoid is at an angle with the
segment direction, but assuming free rotation, one can
simply replace p in relation (4) by its value®:
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analogous to equation (8) but for a geometrical factor

dependm% on ¢ and Y in the apparent segment anisotropy

50 app- A% or (& — ) is then shown to vary in a way very
similar to the mean square distance (r2)®:
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but with an apparent persistence length three times smaller.
For large values of L/q one obtains from equation (9a):
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where b is the length of the repeat unit (L = Nb). The
square root of the quantity in brackets can be defined as
the difference of polarizability of the statistical element.

APPLICATION TO THE CASE OF AROMATIC
POLYAMIDES

We have recently started the study of some aromatic poly-
amides, such as poly(para-phenylene terephthalamide):

(—CO‘QCO—NH@—NH

in 96% sulphuric acid. Light scattering, viscosity and flow
birefringence experiments show that their properties are
well interpreted by a worm-like chain model’®. Moreover,
in the course of the light scattering studies, low molecular
weight samples (either raw or fractionated) were shown to
exhibit large depolarization ratios p,, up to 0.25.
Values of A< have been calculated and plotted as a func-

tion of the weight-average number of repeat units n,,, as
deduced from the measured molecular weight. A rough
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Figure 1 Optical anisotropy of aromatic polyamides as a function

of the molecular weight. Experimental points have be%n normalized
to slightly different values of the limiting anisotropy & and plotted
on a family of theoretical curves, corresponding to different per-

sistence lengths g (A, g = 200 A; B, g = 150 A; C, g = 100 A) accord-

ing t% relation (8) (®, raw polymer; O, fractions); (a) 6% = 0.35;
(b) 635 = 0.40; (c} 65 = 0.45. ny is the weight-average number of
elements in the chain

264 POLYMER, 1977, Vol 18, March

extrapolation to n,, = 1 gives a first value of Sgapp. Plots of
the quantity

2 2 ,
;'_x'_z [1 —exp(—x)]

as a function of V are then constructed for different values
of the persistence length ¢ using b = 124 as the length of
the repeat unit'®. Values of A2/88,pp, according to relation
(8), are reported on these plots using slightly varying figures
for Sgapp. The results are given in Figure 1, where one sees
that a most satisfactory agreement is obtained for 6%app =
0.40 and ¢ = 150 A. This last value is in good agreement
with that derived from viscosity (g = 150 A), radii of gyra-
tion (g = 200 A) and rotatory diffusion constants from flow
birefringence (g = 185 A)"~°.

From 66app one caculates the apparent difference of
polarizability of the repeat unit using relation (2); with
ng = 143, dn/dc =0.309 and M =238 one finds:

3cos?y — 1 3cosl¢p—1
(a0 - Bo) ( 5 ) ( 3 )

=2.06 x 10-24 cm3

This is a consistent result if one considers that most of the
anisotropy arises from the two benzene rings, each with a
difference of principal polarizabilities of 6 x 1024 cm3,

the axes of their polarizability ellipsoid being essentially
perpendicular to the segment direction (¢ = ¢ = n/2), from
which one calculates a contribution of 2 x 6 x 10~24 x 1/4 =
3 x 1024 cm3.

CONCLUSION

These results show clearly the relevance of the optical
anisotropy as obtained from light scattering in the study of
semi-flexible polymers. Due to the fact that it varies in a
way similar to the ratio of the mean square end-to-end dis-
tance to the square of the contour length, but with an
apparent persistence length three times smaller, the method
applies in a range of molecular weight where radii of gyra-
tion cannot be obtained by light scattering.
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